We present an analysis on ring-down signals produced by a pulsed laser excitation of a Fabry-Pérot cavity. Main features of a ring-down signal are numerically investigated by taking time domain approach under a simplistic assumption that a Fouriertransform-limited Gaussian laser pulse be injected to a stable empty cavity with complete mode-match to the lowest cavity transverse mode. Temporal aspects and output coupling efficiency of a ring-down signal are obtained with excitation pulse duration and cavity parameters taken into account. Clear physical insight is allowed in the time domain description especially for the forefront transient peak and the inherent intensity modulation which are found to be superimposed on a ring-down signal.
Introduction
The cavity ring-down spectroscopy (CRDS) is considered to be a promising tool for sensitive absorption measurement. After its first appearance by O'Keefe and Deacon in 1988, 1) the CRDS has found numerous applications in weak absorption measurements and rarefied species detections by virtue of its high sensitivity as well as the capability of direct and absolute measurements. In the typical scheme of CRDS, an optical field is stored in a high finesse Fabry-Pérot cavity containing a sample and the subsequent decay of the field due to the cavity loss including the sample absorption is measured in time, which is referred to as a "ring-down signal." The heart of the technique exists in the point that the time rate of intensity decay rather than the intensity itself is measured to extract the key information about the absorption by the sample. The resulting advantageous features of CRDS over existing absorption spectroscopy include (i) the intrinsic immunity to a source noise due to the intensity fluctuation, (ii) the extremely long effective path length leading to high sensitivity, and (iii) its conceptual and practical simplicity.
2)
Based on the novel concept of the ring-down technique, a pulse laser even with fairly large intensity fluctuations is entitled to be a preferable source employed for ultra-sensitive absorption spectroscopy (α 10 −9 cm −1 ). A ring-down signal is readily produced in the pulsed excitation scheme without any effort other than injecting an intense laser pulse of short time duration, which constitutes a major convenience in practical applications. This enables the CRDS to access the broad tunable range of pulsed lasers and the successful applications have been demonstrated [1] [2] [3] [4] [5] [6] in the spectral region from UV to IR. Moreover, the CRDS in pulsed excitation scheme has found unique application areas requiring time-resolved absorption measurements associated with pulsed molecular beams 7) and dynamical processes in chemical kinetics. 8) Theoretical studies also have been devoted to the description of the Fabry-Pérot cavity response to a pulsed excitation in need to realize the ultimate potential of the pulsed CRDS. Even though several discrepancies did exist in the physical interpretation of some results, these efforts have extended our understanding of the phenomena including the temporal interference effect in a cavity, 1, 5, 9) the finite linewidth effect of abinvestigation could be even useful for avoiding the transverse mode beating in the sense that the transverse mode beating can clearly exhibit its signature on the ring-down signal when the longitudinal mode beating is absent, and is then easily removed by correcting imperfections in a real experiment. Another significant figure in the design of CRDS implementation is the energy coupling efficiency of a pulsed excitation. Since it depends much on the set of system parameters and may be quite small to degrade detection sensitivity, it is necessary to have the exact behavior of the energy coupling efficiency as a function of system parameters and estimate the absolute value.
The objective of our study is, however, not constrained only to practical concerns, but mainly devoted to the physical understanding of a Fabry-Pérot cavity response in time domain. As an alternative to the general description previously worked out in the frequency domain framework, 11, 12) the time domain approach employed in this paper can offer a chance to treat a cavity response in a straightforward and intuitive manner, allowing direct physical insights into the temporal aspects of the ring-down signal.
Focusing on the points aforementioned, we present and dissorption features and excitation lasers, 9, 10) the general framework in frequency domain representation, 11) the complicated ring-down signal formation by an arbitrary pulse excitation on the basis of eigenmode analysis, 12) and the effect of higher order transverse mode excitation. [11] [12] [13] Concerning technical aspects involved in pulsed CRDS, we theoretically give a further attention on the feature of intensity modulation superimposed on a ring-down signal and the amount of energy coupled through a Fabry-Pérot cavity. The intensity modulation resulting from a cavity mode beating may turn out to be detrimental to a precise determination of ring-down time in practice 12) and the problem becomes more confusing in the presence of complicated temporal structures caused by a transverse mode beating. Isolating the problem from transverse mode beating, a careful investigation of the inherent intensity modulation purely due to the longitudinal mode beating is preferentially required to determine the required parameters of a cavity excitation and the proper bandwidth of a detection system with which the longitudinal mode beating can eliminated from the ring-down signal. Such an cuss significant features of a ring-down signal from a FabryPérot cavity produced by a pulsed laser excitation. Numerical calculations are performed to obtain complex temporal profiles, intensity modulation behaviors, and coupling efficiency of excitation energy which are depending on the excitation pulse duration and the cavity parameters. Complementary aspects regarding the two approaches taken for describing the Fabry-Pérot cavity response are also briefly discussed. In the practical point of view, theoretical limits for absorbance detection in CRDS are also assessed and some design considerations are given for reliable and sensitive ring-down time measurements.
Theoretical Description of Ring-Down Cavity Response
The theoretical description of a cavity response to a pulsed excitation can be performed equivalently by either time or frequency domain approach. In the general framework established successfully by frequency domain approach, 11, 12) the cavity response is treated essentially in the same way with CW laser excitations only by replacing the spectral property of an excitation laser with that of a pulsed input. However, the time domain approach can still be the necessary and convenient choice to describe the specific detail of the ringdown signal formation. If one is particularly concerned with a pulsed excitation of short or intermediate duration compared to a cavity round-trip time, time domain interference could give a simple picture on how the behavior of a resultant ringdown signal would vary with parameters of the laser and the cavity; Successive pulsations or modulations are produced in the ring-down signal by multiple reflections of the injected pulse in the cavity when the time component of outgoing pulses does not or slightly interfere with each other. With a frequency domain description, this simple picture must be converted to a sophisticated one in which pulsations are interpreted as localized traveling waves generated by beating of longitudinal modes that an input pulse spectrum overlaps with. The time domain description even becomes indispensable under the situation that a cavity changes its parameters in time and no longer be a passive linear system since the frequency response function is not available for time-varying system. In this paper, we formulate the problem in the context of time domain description for the purpose of our study.
Consider a ring-down cavity of length L in a Fabry-Pérot arrangement. Two mirrors constituting the cavity are assumed to have identical electric field reflectivity R and transmittivity T ; in more practical terms, intensity reflectivity R = |R| 2 and transmittivity T = |T | 2 . Continuity of the electric field holds for the mirrors to give the relationship (−R) + T = 1. The scope of our study is constrained to a physical condition that a mechanically stable (L, fixed in time) cavity containing no absorbing sample is excited with a pulsed laser field transversely mode matched to the TEM 00 mode of the cavity. This simplification allows us to concentrate on the fundamentals of ring-down signal features and reduce the problem in one dimension along the cavity optical axis z. The correspond-, could do provide a proper model for the pulsed excitation allowing significant features of the results we seek for. Substituting the explicit expression for the excitation field into eq. (2) readily leads to the transmitted output field, ing cavity response is summarized in a Green's function G(t) expressed as where δ(t) is Kronecker-delta function, t r = 2L/c, the cavity round-trip time with velocity of light c, and n, an integer representing the number of round-trips experienced by the intracavity field. The Green's function represents the cavity response to an impulsive excitation in this way: A temporal component of an incident laser field is coupled into a cavity by the fractional amount of the mirror transmittivity T . Undergoing 2n times of the multiple reflection from the cavity mirrors, the intracavity field is decreased in amplitude by the factor of R 2n and accompanied by the time delay of (n + 1/2)t r taken for cavity round-trips. For every round-trip, a portion of the field allowed by output mirror transmittivity T escapes out of the cavity. The transmitted output field E out resulting from an arbitrary excitation field input E in reads
by using the convolution theorem with the cavity response function G(t). A transmitted light field from a Fabry-Pérot cavity, would reveal dramatically different behaviors with the characteristics of the excitation laser and the cavity configurations. Contrary to the apparent diversity, a Fabry-Pérot cavity possesses its own response to the excitation laser field depending only on cavity system parameters but not on the laser characteristics. The term, "response," stands for the way of how the cavity transforms an incident laser field to a resulting laser field observable at the reflection and transmission ports. The response function in the time domain is defined as a Green's function which is to be convolved with the incident laser field to yield a temporally distorted output field. In the frequency domain, the equivalent response function is instead a characteristic transmission function acting as a frequency selective filter. The resulting output field spectrum is obtained from an incident field spectrum multiplied by the transmission function, and the corresponding temporal profile of the output field becomes simply the inverse Fourier transformation of the output spectrum. The excitation laser field in this study is set to be a Fouriertransform-limited Gaussian pulse taking form
2 ln 2/τ 2 p , the coefficient determining the pulse duration τ p in FWHM, and ω, the laser carrier frequency. The assumption might be a great simplification of real lasers, however this where A = 4 4 ln 2/πτ 2 p is the complex amplitude, a =
where the laser frequency ω is rewritten with reference to the cavity resonance frequency ω c = 2π N /t r in terms of detuning between the cavity and the laser field = ω − ω c . The corresponding ring-down signal intensity is in turn obtained as
The above simplistic expression describes the complete time evolution of a ring-down signal from a cavity excited by a Fourier-transform-limited laser pulse of arbitrary carrier frequency and pulse duration. As is apparent from eq. (5), the phase difference between the successive outgoing fields, t r , is a key parameter determining the behavior of interference in the ring-down signal formation. The pulse duration associated with the coefficient a is also a parameter of concern since the degree of overlap between the successive pulses is dependent upon it. The expression can easily be extended for the case with higher transverse mode excitation in a similar consideration, however, it is a problem of specific detail beyond the scope of our study.
Results of Numerical Investigations and Discussions

Typical features of a ring-down signal
A complete temporal profile of a ring-down signal can be calculated by the direct use of eq. 4.0x10 -7 6.0x10 -7 8.0x10 2.0x10 -6 3.0x10 -6 4.0x10 the excitation pulse. Our primary concern is to capture the detail of ring-down signal characteristics changing with excitation pulse duration and carrier frequency detuning. Without losing fundamental physics involved, lower reflectivity (R = 95%) of the cavity mirrors yielding a shorter ring-down time could allow a closer look on the transient peak and the modulation profile over the entire range of a decay signal. Of course, a more realistic situation with a high finesse cavity can easily be covered only if a markedly increased numerical effort is taken for a longer ringdown time. The ring-down signals are calculated and depicted in Fig. 2 , for excitation laser pulses of various time duration relative to the cavity round-trip time (t r = 2L/c = 2 ns), and ponential decay shown in Fig. 1(a) , but exhibits significant change in its transmitted energy and temporal shape as shown in Fig. 1(b) , where the intensity oscillation with an extremely small period (2 ns) compared with the ring-down time (1 µs) appears as the thick-line envelope.
Two conspicuous features are revealed in the time evolution other than the expected decay envelope in an exponential: the transient peak at the front of a ring-down signal and the intensity modulation superimposed on the decay envelope. The features, in practice, are prone to be mistaken for some sort of experimental imperfections while they are physical consequences arising from a specific set of parameters for a cavity and an excitation laser.
The transient peak has already been mentioned in the literature by Hodges et al., 12) with interpretation as a time portion containing the instantaneous frequency of a ring-down signal being chirped from the laser carrier frequency to the overlapped cavity resonance frequency. In another viewpoint of ours, this phenomenon is simply a consequence of incomplete temporal overlap at the front edge of a ring-down signal leading to a slight failure in corresponding destructive interference. Transient peaks are found to have temporal widths of approximately the time scale of an excitation pulse duration and become more obvious when the laser carrier frequency is further detuned from the cavity resonance frequency. It will be further discussed in the later part of this section.
The ring-down signal just after a transient peak exhibits a single exponential decay envelope, but it might accompany an intensity modulation whose visibility and amplitude depending on the carrier frequency detuning and the ratio of a pulse duration to a cavity round-trip time. The modulation can be explained in terms of mode beating between the longitudinal modes overlapped with the excitation pulse bandwidth when the pulse duration is shorter than the cavity round-trip time. Time domain description offers a more intuitive view that the modulation is originated from a zero or partial overlap of successive pulses escaped from the cavity, and reveals somewhat repeated pulsations with resemblance to the initial profile of carrier frequency detuned from cavity resonance frequency by the amount ranging from zero to one half of the free spectral range (FSR = 500 MHz) of the cavity. The corresponding ring-down time t d = t r /2| ln R| is then 19.50 ns for the cavity with the finesse of 61.24 and the length of 30 cm. Note that parameters related with such a low mirror reflectivity of 95% were limitedly taken only for the results in Fig. 2 . The aspects of each ring-signal appeared in Fig. 2 can be analyzed in terms of degree of temporal overlap and phase difference between successive pulses coming out of the cavity as in the following way.
For the case of negligible temporal overlap between outgoing pulses on account of the short pulse duration compared with the cavity round-trip time, the ring-down signal is composed of a series of pulses whose individual shape is the replica of the excitation pulse profile. The result is shown in Fig. 2 (a)'s for pulse duration τ p = 0.25t r , Neither the temporal shape nor the transmitted total energy of a ring-down signal vary with the carrier frequency detuning due to the absence of interference in time domain. It is in this respect that the cavity excitation with such a short pulse can be somewhat convenient. This fact in no way contradicts with the frequency selectivity of a Fabry-Pérot cavity in the sense that the repeatedly emitted replica of the excitation pulse with the peaks under an exponential decay envelope, instead of a single excitation pulse transmission, is the evidence of frequency filtering of the input pulse spectrum. The ring-down signal with repeated pulsations can equivalently be interpreted as the mode beating of the longitudinal modes excited by the input pulse.
When transmitted pulses begin to overlap with each other slightly in the tail part, the temporal shape becomes dependent upon carrier frequency detuning as can be seen from Fig. 2(b) 's for excitation pulse of 0.5t r duration. Only the overlapping parts reveal intensity variations according to the carrier frequency detuning whereas the central part near the visibility refers to the ratio of the intensity modulation amplitude to the average intensity of the modulation peaks and valleys at an arbitrary instant during the decay. With excitation pulse duration this long, the modulation develops in a wide range of visibility reaching from zero to unity depending upon the amount of detuning. The behavior takes place because the overlapping pulse duration is such that the sufficient amount of overlap in the midway between the adjacent pulses, leads to the resultant intensity to reach the intensity level at the near peaks via constructive interference for the detuning = 0, which washes out the modulation and thus increases the ringdown signal intensity. Conversely, the visibility develops for a finite detuning because the lack of destructively interfering fields near the pulse peaks due to the pulse duration somewhat short, results in an incomplete intensity cancellation.
Figure 2(d)'s depict the ring-down signal formed via a long pulse excitation (τ p = 2t r ) allowing high degree of temporal overlap. It should be pointed out that the complete absence of modulation in the full range of detuning and the sensitiveness of ring-down signal intensity to the variation in detuning. In the excitation with pulse duration much longer than peak of each pulse remains unchanged. Phase factor between the successive fields escaped from the cavity, exp(in t r ) in Eq. 5, determines the exact nature of interference, which results in either a slight rise or a vanishing of intensity over the tail parts. Note that the peak intensity of a ring-down signal does not depend on the carrier frequency detuning while the transmitted total energy decreases with the detuning.
Comparing the ring-down signals appeared in Fig. 2 (c)'s for pulse duration of τ p = t r , one can find that a moderate temporal overlap brings the effect of carrier frequency detuning on a ring-down signal to be more pronounced; The ring-down signal intensity is considerably reduced with the greater detuning whereas the relative intensity of a transient peak and a modulation visibility gradually become noticeable. Here, the The low finesse cavity with mirror reflectivity of 95% was considered for the calculations and the origin of the abscissa, t = 0, is set as the moment when the transmitted peak of the input pulse component undergone no round-trip is about to escape from the cavity.
time duration, a care should therefore be taken in a design of ring-down time measurement. The greater tolerance in detuning is found to require the more stringent condition on
The aforementioned argument regarding the potential utility of the transient peak is thus limitedly valid for long pulse excitations.
The residual transmission of a transient peak at offresonance can be resolved by the consequence of incomplete destructive interference at the front edge of a ring-down signal. Since preceding pulses do not exist at the front part of a successively overlapped pulse train, lacking in the number of destructively interfering pulses leads to the optical field leakage at the front part of a ring-down signal while the ring-down signal voids in its later part through complete destructive interference. The argument is fortified in part by the fact that the transmitted pulse is contracted in time duration as well as its intensity is significantly reduced compared with the initial input pulse condition; For instance with the case depicted in Fig. 2(d-3) , the output pulse duration is reduced from 4.0 ns to 3.5 ns and the peak intensity is attenuated by the order of about 3. The transient peak can in fact have pulse duration either shortened or lengthened, depending on the carrier frequency detuning and the incident pulse duration whereas the pulse shape of the transient peak remains unchanged.
Intensity modulation visibility
The intensity modulation of a ring-down signal has been found to exhibit a single exponential decay envelope, which has been verified by the numerical fit of calculated ring-down traces. The modulation seems then to produce no problem but it may turn out to be detrimental to the ring-down time measurement in practice. It acts as intrinsic noise components which limit the reliability and the sensitivity of a ring-down time measurement as has been indicated by Hodges et al.
12)
The situation becomes much more complicated by complex temporal structures present in a ring-down signal when transverse modes are excited and allowed to beat with. 13) Hence it is preferentially required to investigate and clarify the problem by treating inherent intensity modulation purely due to longitudinal mode beating.
For a cavity with length of 30 cm (correspondingly, FSR = 500 MHz and t r = 2 ns) and mirror reflectivity of 99.9%, intensity modulation visibility of a ring-down signal has been calculated as a function of excitation pulse duration. The visibility is defined as the ratio of the modulation amplitude to the average intensity of modulation peaks and valleys at an arbitrary instant during a ring-down decay. Results worked out for several carrier frequency detunings are given in Fig. 4 . The modulation visibilities for different detunings are the same in short pulse excitation regime (τ p 0.25t r ) while the modulation behavior differs considerably by the detuning in intermediate or long pulse excitation regime. The change in modulation visibility, along with the degree of transient peak manifestation, may offer information on the pulse duration and the carrier frequency detuning.
One can determine, from the point where the visibility begins to vanish, the minimum of pulse duration required to avoid the inherent modulation. Approximately, the resultant minimum is ∼ t r for the Fourier-transform-limited Gaussian pulse excitation. Since the inherent modulation cannot be avoided when the excitation pulse has small or intermediate the cavity round-trip time, the ring-down signal output can be further enhanced as in Fig. 2(d-1) for the detuning = 0. This is so, however, in the cost of losing the convenience with a short pulse excitation where the locking of the cavity resonance mode and the laser carrier frequency is not necessary. The transient peak is found to persist in the presence of a finite detuning, and dominate the following decay signal intensity [ Fig. 2(d-2) ], although the intensity of a transient peak is remarkably smaller than that of the ring-down signal with no detuning [ Fig. 2(d-1) ].
Transient peaks
It is interesting to note that a transient peak is a premonitory figure indicating the occurrence of carrier frequency detuning. The fact may be used for the quantitative measure of detuning if the intensity ratio of a transient peak to a decay signal peak is given. To elucidate this property, decay signal peak intensity normalized with ring-down signal peak intensity has been calculated as a function of carrier frequency detuning. The decay signal, hereinafter, refers to the portion of a ring-down signal exhibiting a single exponential decay or its upper envelope of modulation peaks in the presence of a modulation. Thus the appearance and the relative intensity of a transient peak is reflected on the normalized intensity of a decay signal peak since the transient peak itself is the ringdown signal peak if exists. The decrease in the normalized decay signal intensity to less than unity implies that the transient peak becomes relatively more visible in a ring-down signal. The numerical results displayed in Fig. 3 are obtained for a Fabry-Pérot cavity of 30 cm in length (FSR = 500 MHz, t r = 2 ns) with mirror reflectivity as high as 99.9% and the pulsed excitation of various duration as indicated in the figure.
A transient peak is shown to get gradually manifested with laser carrier frequency detuning, or equivalently, detuning of a cavity resonance mode from a fixed laser frequency. For long pulse excitations, the transient peak intensity varies relatively fast with the detuning whereas the variation is not appreciable near the detuning = 0, and the decay signal may completely disappear for certain detunings and the larger. On the contrary, the variation is rather slow and even commences after a certain threshold detuning with short pulse excitations.
pulse duration that the pulse should be longer as seen from the Fig. 4 . With the detuning of 0.3 FSR, for example, the required pulse duration should increase to ∼ 1.5t r . This can be explained in the context that the increased amount of overlap between exiting pulses is required to provide a resultant intensity level to wash out any modulation caused by inefficient constructive interference in the presence of detuning.
It may be fruitful to offer a complementary description in frequency domain for the ring-down signal formation. The modulation behavior can be given an interpretation as a beating between the cavity longitudinal modes excited by an input pulse. As displayed in the Fig. 5 , only the spectral components of an excitation laser pulse overlapped with the cavity resonance modes at ω c = 2π N /t r , transmit the cavity and make contribution to the mode beating. The number of excited modes to beat and the coupling intensity are determined by the spectral bandwidth and the central (carrier) frequency of an input pulse. For the carrier frequency detuning = 0.5 FSR, the excited modes are always symmetric in intensity and the modulation visibility thus becomes unity because the pulse spectra are shifted with their peaks at the midway between the cavity resonance modes. Detunings other than 0.5 FSR, in contrast, generally lead to asymmetric coupling of modes resulting in a modulation visibility smaller than unity. In case of wide spectral bandwidth such as for τ p = 0.25t r , several modes are coupled to exhibit unit visibility regardless of detuning. The pulse spectral width comparable to the FSR of the cavity such as for τ p = t r , results in a single mode coupling and allows thereby no modulation with a small detuning while an asymmetric mode coupling takes place to yield a modulation when the detuning is appreciable. With the narrow spectral width sufficiently smaller than the FSR, the number of coupled mode can either be only one or zero, and the resulting output then possesses no modulation for any detuning. Considering the reciprocity between spectral bandwidth ν and pulse duration τ p of a laser pulse, there should exist a lower limit on the pulse duration to avoid mode beating for any case of cavity detuning. In the practical viewpoint, the energy ratio of the nearest mode excitation to that of the central mode of concern can be obtained as exp[−(π 2 / ln 2) · (τ p /t r ) 2 ] from the power spectrum of a Fourier-transform-limited Gaussian pulse with duration τ p and the cavity FSR given by t −1 r . The lower limit in the pulse duration is then determined by specifying the upper limit of the residual energy in the adjacent mode. However, one should note that the modulation visibility may still remain fairly high even for a pulse excitation allowing negligible fractional energy contained in the frequency component at the nearest neighbor cavity mode. For example, the adjacent mode excitation ratio is 0.028 for τ p = 0.5t r and can already be reduced down to 3.3×10 −4 for τ p = 0.75t r while the corresponding modulation visibilities are still 0.33 and 0.036, respectively.
The modulation behavior of a ring-down signal obtained so far in time domain approach, is exactly consistent with the physical picture based on the frequency domain analysis. The fact indicates that our results of time domain analysis provides an indirect evidence for the frequency selectivity of a FabryPérot cavity.
where J p is the energy in excitation Gaussian pulse. The above expression accounts for the dependence of energy coupling efficiency on the pulse duration. Pulse Duration ( τ p / t r ) Fig. 4 . Intensity modulation visibility of a ring-down signal as a function of excitation pulse duration. Curves are given for a 30-cm cavity (FSR = 500 MHz, t r = 2 ns) with mirror reflectivity of 99.9% detuned to the laser carrier frequency as indicated. 
Energy coupling efficiency
Energy coupling efficiency is defined as the transmitted total energy contained in a ring-down signal for an excitation with a normalized input pulse. Figure 6 plots the results given as a function of both excitation pulse duration and carrier frequency detuning with the parameters indicated on the figure. The energy coupling efficiency obtained by the numerical integration of ring-down signal intensity in time is in exact agreement with the result worked out by Lehmann et al. 11) who have calculated the energy coupling of a Gaussian pulse in frequency domain by summing over all the resonance mode contributions to energy transmission. The energy transmitted by the high-finesse cavity for each resonance mode n at ω n has been found in the analytic form, For an excitation pulse duration long compared to a cavity round-trip time, the coupling efficiency increases linearly with the pulse duration in the absence of detuning while it decreases more rapidly with detuning for the longer excitation pulse. The increase in the coupling efficiency at resonance conditions is due to the constructive interference between temporally overlapped pulses. The situation in the presence of a finite detuning is reversed that the coupling efficiency can be reduced to a value even smaller than that obtainable with short pulse excitation. The longer pulse duration results in the more enhanced coupling efficiency provided that the cavity and the excitation pulse are locked in frequency. However, greater sensitivity of the coupling efficiency to the cavity detuning is also accompanied in this regime. As an example with pulse duration of 3t r , the output coupling is enhanced by the factor of ∼ 5 as shown in Fig. 6(a) but instead the frequency of the cavity mode or the laser carrier should be locked within ∼ 0.05 FSR as indicated by Fig. 3 .
With a short pulse excitation producing no time domain interference, the coupling efficiency is constant with a value of T 2 /2(1 − R) independent of the carrier frequency detuning as in the Fig. 6 . However, the result must not be taken as the failure of the frequency selectivity of a Fabry-Pérot cavity. The exponentially decaying successive pulses produced by multiple reflections is exactly the time domain feature of interference between the cavity selected frequency components of an excitation pulse that are overlapped with the cavity resonance frequencies.
The dependence of energy transmittance on carrier frequency detuning has been found to differ by excitation pulse duration and the consequence is correct phenomenologically. sponse are developed for the longer duration of an excitation pulse. Further possible misunderstanding to be avoided is that a ring-down cavity is frequency selective only when the pulse coherence time is larger than the cavity round-trip time, or conversely, the full spectrum of an excitation pulse enters a cavity in case of short coherence time of an input pulse. Such an erroneous speculation is apparently supported by the fact that the energy transmittance of an excitation pulse remains constant with frequency detuning when the pulse duration is shorter than the cavity round-trip time. 5) In this sense, the consequence on this frequency selective nature has encountered the conflicting claims from the several authors 5, 7) and become the subject of confusion thereafter. The confusion conflicting with the generality of a cavity response against laser excitations, can be dissolved by a simple reasoning. In such a energy transmission curve, the contribution of entire pulse bandwidth (or alternatively the pulse duration) is taken into account as the overall energy transmittance but the input pulse frequency is encapsulated only by a single representative parameter, namely a carrier frequency. The energy transmittance represents for all constituent frequencies of the entire pulse bandwidth, not only for the frequency component at the carrier frequency. The energy transmittance curve should therefore not be considered as the frequency response function of a cavity.
Practical Considerations for Pulsed CRDS Experiment
So far we have presented the major features of a ring-down signal formation and their time domain picture for physical understandings. In this section, sensitivity limits in a ring-down time measurement are theoretically assessed and some practical requirements are given for reliable and sensitive measurements based on the results we have obtained in this study.
Sensitivity limit of ring-down time measurements
Since the absorption measurement in CRDS is achieved by detecting changes in a ring-down time, uncertainties involved in a ring-down time measurement directly limits the detection sensitivity of αl where α denotes the absorption coefficient of a sample and l, the sample length. For a cavity with initial ring-down time of τ 0 = t r /2(1 − R) in vacuum, additional cavity loss αl s introduced by a sample inside results in a shorter ring-down time of τ = t r /2[(1 − R) + αl] and the corresponding single-pass absorbance is then determined as αl = (1 − R) τ/τ with τ = τ 0 − τ . The overall uncertainty of τ originates in practice from the statistical uncertainty σ τ due to noises sources and the ring-down time variation δτ caused by technical reasons, which leads to the minimum detectable absorbance
But this may seem to imply that a cavity response (transmission spectrum) should include excitation laser characteristics such as pulse duration and bandwidth etc., as in the time-domain theoretical formulation by Zalicki et al. 9) The result thus is liable to mislead one to a conclusion that a cavity response depends on an excitation pulse duration and, in turn, the sharper periodic transmission peaks of a cavity re- tection is given by where S(t) is the ring-down signal written as S(t) = S 0 exp[−t/τ ], f D , the detector bandwidth, g, the signal conversion gain of the detector defined as S(t) = g P(t) with the power of light incident on the detector P(t), η, responsivity of the detector defined as I (t) = η P(t) with the photocurrent induced in the detector I (t), and e, the electronic charge. The shot-noise limited uncertainty in a ring-down time (σ τ /τ ) shot reads
While technical errors can be reasonably eliminated in principle, statistical uncertainties of ring-down time determination are fundamental and persistent with signal detection process because of the noise sources such as shot noise, dark current noise, and data digitizing error. Fundamental noises can be modeled as the characteristic uncertainty of a ring-down signal in terms of standard deviation σ (t), and one could estimate the probable uncertainty in the ring-down time propagated from these statistical noises in a ring-down signal. The mathematical detail is given in Appendix for the uncertainty analysis based on weighted least-squares fit commonly used in the ring-down time determination. Shot noise in a ring-down signal arising from the photodesignal would give rise to the larger uncertainty in the determination of a ring-down time. There are two ways to avoid this problem and enhance the S/N ratio: First, an intensity modulated ring-down signal can be low-pass filtered to a smooth exponential decay by employing a detector system with bandwidth sufficiently lower than the modulation frequency given as the reciprocal of a cavity round-trip time t −1 r . Though the method can be realized with a short pulse excitation regime, the genuine ring-down signal is not optically smoothed but only filtered electronically to reduce the ring-down time uncertainty in turn. In the spectroscopic point of view, the ringdown signal still contains information of the frequency components at several cavity resonance modes. The second strategy is to go with long pulse excitation scheme which basically does not produce any intensity modulation in a ringdown signal. Practically, the requirement regarding the lower limit of an excitation pulse duration exists based on the result shown in Fig. 4 . The minimum pulse duration is readily determined by specifying the tolerable frequency detuning and the upper limit of residual energy in the adjacent longitudinal modes. The resultant minimum is approximately t r if the detuning can be kept zero whereas the greater tolerance in detuning requires the longer pulse duration. With a detuning of 0.3 FSR, for example, the required pulse duration should ence the ring-down time itself in shot-by-shot events or ruin a ring-down signal into non-exponential decay profiles, which can overwhelm the statistical noise limits theoretically given.
Requirements for a reliable cavity ring-down experiment
Since the detection sensitivity achievable is of central importance in CRDS, some general considerations must be made in designing a practical measurement. Assuming that cavity parameters are given for a specific purpose and neglecting technical errors which may differ much from system to system, we add only limited requirements on the excitation pulse parameters.
In the context of signal-to-noise (S/N) ratio of a ring-down signal, the inherent intensity modulation superimposed on a ring-down signal acts as an additional noise component in a real measurement process although its intensity envelope follows an exponential decay in theory. It is obvious from our uncertainty analysis that the larger modulation in a ring-down
and
where S vr is the vertical resolution in the digitizer determined by S vr = S f r /2 N bit with the full voltage range of the digitizer S fr and the digitizer bit resolution N bit .
A proper design and choice of a detection system permits one to reach the shot-noise limit. However, this is true only when the ring-down signal to be measured is in a perfect exponential decay waveform and the technical error sources are effectively isolated. The technical errors may severely influ-
where I dark is the dark-noise current of the detector, and S dark , the signal noise level due to the detector dark-noise. Digitizing noise and the corresponding ring-down time uncertainty due to the limited vertical voltage resolution of a digital oscilloscope, takes the form respectively as, With a sufficiently long sampling duration T → ∞ and a suitable sampling rate f s ≈ f D , the result simply yields the best shot-noise limit written as
, which implies that the CRDS sensitivity is subjected to the light intensity level P(t) at the onset of a ring-down signal, the detector responsivity η, and the effective detection bandwidth given by 1/τ . In order for the shot-noise limit to be the fundamental limiting factor, other uncertainty factors must not dominate over the shot-noise error. Dark current noise of a detector and the corresponding ring-down time uncertainty are respectively tation of adjacent modes near a desired central mode. From the excitation energy ratio of the nearest mode to the desired central mode given by exp[−(π 2 / ln 2)·(τ p /t r ) 2 ], the adjacent mode excitation ratio is, for example, 0.028 for τ p = 0.5t r and can be reduced down to 3.3 × 10 −4 for τ p = 0.75t r . For a long excitation pulse with bandwidth much smaller than the cavity FSR, only a single cavity mode overlapped with the pulse bandwidth is excited as shown in Fig. 5 and the transmitted ring-down signal then carries frequency components only within the narrow linewidth of the excited cavity mode. Hence the spectral resolution of CRDS is determined by the linewidth of a high finesse cavity mode given as (1 − R)/π t r on condition that the position of the cavity mode frequency is accurately defined by the proper frequency locking of the cavity mode and the excitation pulse. In practice, however, the uncertainty in cavity frequency position governed by the locking quality would incorporate with the cavity mode linewidth A piece of comment can be given to the potential utility of a transient peak for a premonitory figure indicating the occurrence of cavity frequency detuning. For long pulse excitations, the intensity ratio of a transient peak to a decay signal peak will be the quantitative measure of detuning as implied by the result shown in Fig. 3 . The decrease in the normalized decay signal intensity to less than unity indicates the situation in which the transient peak becomes relatively more visible in a ring-down signal and the detuning of a cavity mode from a input pulse frequency is increasing.
Conclusions
Numerical investigations have been performed to present the major features of a ring-down signal from a Fabry-Pérot cavity produced by pulsed laser excitation. We have calculated the temporal profile, intensity modulation visibility, and output coupling efficiency of the ring-down signal to analyze their characteristics on the basis of time domain description, which allowed us an intuitive way to treat the cavity response and a clear physical understanding into the phenomena as well. Pursuing reliable and sensitive CRDS measurements in practice, theoretical limits for absorbance detection have been assessed and some design considerations have been presented based on the results obtained in this study.
We found that the ring-down signal is, in general, superimposed by a transient peak and an inherent intensity modulation depending on the excitation pulse duration and the cavity parameters. The transient peak has been observed to develop with carrier frequency detuning and given a simple time domain picture that a slight failure in the designated destructive interference due to the lack of the temporal overlap of successive output fields at the front edge of a ring-down signal results in a residual transmitted field. Since the inherent modulation cannot be avoided when the excitation pulse has small or intermediate time duration compared to the cavity roundtrip time, care should be taken in a design of ring-down time measurement. The modulation visibility still remains appreciable even for a moderately long pulse excitation with negligible fractional energy contained in the frequency component at nearest neighbor cavity resonant modes. The change in modulation behaviors, along with the degree of manifestatation imposed for rejecting intensity modulation and enhancing the signal level could also prevent the unwelcoming excito limit the ultimate spectral resolution of pulsed CRDS.
increase to ∼ 1.5t r . In the absence of a signal modulation arising from longitudinal mode beating, a transverse mode excitation is easily monitored without any ambiguity caused by the longitudinal mode beating. Since the excited transverse modes also beat to produce another kind of detectable low frequency modulation, we could have an opportunity to remove the transverse mode excitation by correcting experimental imperfections in such a way to vanish the signal modulation. The removal of such transverse mode excitation is an essential procedure to realize the high resolution in pulsed CRDS.
Energy coupling efficiency of a transmitted signal is of importance for desirable S/N ratio as well. The problem is that it is generally very small in pulsed CRDS and varies remarkably with the specific set of system parameters. From the shot-noise limit given in eq. (10), both higher input pulse energy and higher coupling efficiency are indispensable to attain higher ring-down signal levels. Given the pulse energy, the coupling efficiency can be increased linearly with the input pulse duration in the long pulse excitation regime. The result shown in Fig. 6 indicates, for example, that the output coupling is enhanced by the factor of ∼ 5 with pulse duration of 3t r compared with that of short pulse excitation scheme if the cavity and the input pulse are locked in frequency within the detuning of ∼ 0.05 FSR. As indicated by Fig. 6(b) , the coupling efficiency gets more sensitive to cavity detuning in the longer pulse excitation. The enhancement in energy coupling comes to suffer a loss of convenience provided in the short pulse excitation scheme with which the output coupling is independent of carrier frequency detuning and the resonance condition is not necessary. For an ideal ring-down signal with no intensity modulation, the fundamental limit of detection sensitivity in CRDS can be estimated by the shot-noise limit. Using eq. (6) for the transmitted energy in a ring-down signal, the enhanced coupled energy in a long pulse regime is obtained as √ π/4 ln 2(τ p /t r ) · (1 − R)J p for exact resonance condition whereas the short pulse excitation scheme only allows coupling energy as low as 2 −1 (1 − R)J p . With the signal power level P 0 calculated from the coupling energy, eqs. (7) and (10) lead to the shot-noise limited absorbance given by for long pulse excitation regime. In comparison, the detectable absorbance with short pulse excitation is limited to (αl) min = 2 e(1 − R)/η J p . The detection sensitivity of CRDS is then enhanced proportionally with the square root of the cavity finesse F ≈ π/(1 − R), the excitation pulse energy J p , and the detector responsivity η. Especially with the long pulse scheme, the sensitivity increases further with the square root of the relative pulse duration τ p /t r . The shotnoise limited absorbance (αl) min in practice may range from ∼ 10 −7 to ∼ 10 −11 depending on realistic system parameters. The spectral resolution limit achievable is the most interesting and attractive of all features with the pulsed CRDS. By exploiting the high finesse mode structure of the Fabry-Pérot cavity as the frequency selective filter, 14) the pulsed CRDS is able to accomplish a spectral resolution higher than that limited by the linewidth of an excitation laser pulse.
11) Pursuing the high resolution CRDS, the requirement of long pulse exci-(αl) min = 2 ln 2 π 1 4
